Simple practical expressions are put forward, which allow to estimate thermodynamic properties of Yukawa fluids in a wide range of coupling, up to the fluid-solid phase transition. These expressions demonstrate excellent agreement with the available results from numerical simulations. The approach provides simple and accurate tool to estimate thermodynamic properties of Yukawa fluids and related systems in a broad range of parameters.
I. INTRODUCTION
Studies of static and dynamical properties of Yukawa systems constitute an import interdisciplinary topic with applications to strongly coupled plasmas, dusty (complex) plasmas, and colloidal dispersions. An idealized model deals with point-like charged particles immersed in a neutralizing medium and interacting via the pairwise potential of Yukawa (Debye-Hückel) type,
where Q is the particle charge, λ D is the Debye screening length associated with the neutralizing medium, and r is the distance between a pair of particles. Clearly, such an idealization oversimplifies considerably the actual rather complex interactions between the particles in real systems, in particular in dusty plasmas and colloidal suspensions [1] [2] [3] [4] [5] [6] . Nevertheless, many experimentally observed trends can be reproduced by this simple consideration, at least qualitatively. Hence, it can be considered as a basis for constructing more realistic models. Thermodynamic properties of Yukawa systems are relatively well investigated using various computational and analytical techniques. Some relevant examples include Monte Carlo (MC) and molecular dynamics (MD) numerical simulations, [7] [8] [9] [10] as well as integral equation theoretical studies [11] [12] [13] [14] . Semi-empirical fitting formulas [15] [16] [17] and simplistic approaches [18, 19] to estimate thermodynamics of Yukawa systems have been also discussed in the literature. Their accuracy is in most cases not better than moderate.
The purpose of the present paper is to put forward practical approach to evaluate thermodynamic properties of Yukawa fluids across coupling regimes. This approach is based on simple phenomenological arguments, which are likely applicable to a wide class of soft repulsive interactions. In particular, expressions for the internal energy, pressure, and isothermal compressibility modulus are derived. When compared with the "exact" results * Also at Joint Institute for High Temperatures, Russian Academy of Sciences, Moscow, Russia from numerical simulations, the approach demonstrates an impressive accuracy. Hence, it represents very convenient tool to estimate thermodynamics of Yukawa and other related fluids. Among expected applications, waverelated phenomena in strongly coupled complex (dusty) plasmas can be particularly mentioned.
II. MODEL
We consider N particles contained in the (three dimensional) volume V and interacting via the Yukawa potential (1) . The number of particles and the volume are very large, while the number density n p = N/V is finite, so that finite-size and surface effects are not important. The system of repelling particles is stabilized by the presence of the neutralizing medium. The effect of this neutralizing medium on the thermodynamic properties of the system can be trivially evaluated, as discussed in the Appendix B. We focus therefore on the contribution coming from particle-particle interactions and resulting correlations. Thus we effectively consider a single component Yukawa system. The system is characterized by two dimensionless parameters. The first is the coupling parameter, Γ = Q 2 /aT , where a = (3/4πn p ) 1/3 is the Wigner-Seitz radius and T is the temperature (in energy units). This is roughly the ratio of the (Coulomb) interaction energy between neighboring particles to the kinetic energy. The second is the screening parameter κ = a/λ D , which is roughly the ratio of the interparticle separation to the screening length.
The main thermodynamic quantities considered here are the internal energy U , Helmholtz free energy F , pressure P , and the isothermal compressibility modulus µ = T −1 (∂P/∂n p ) T . In reduced units these are u = U/N T , f = F/N T , and p = P V /N T (the ratio Z = P V /N T is also known as the compressibility factor), respectively. Except explicitly specified, we consider only the contribution from the particle-particle correlations.
III. DERIVATION OF ENERGY AND PRESSURE
The reduced excess (over that of non-interacting particles) energy can be divided into the static and thermal components
The static contribution corresponds to the value of internal energy when the particles are frozen in some regular structure and the thermal corrections arise due the deviations of the particles from these fixed position (consequence of the thermal motion). Of course, such a division is only meaningful when the regular structure is specified. For crystals, the corresponding lattice sum is a relevant choice fort u st . For fluids, it is convenient to link u st with the energy obtained with the Percus-Yevick (PY) radial distribution function of hard spheres in the unphysical limit η = 1, where η is the hard sphere packing fraction [20, 21] . For Yukawa system this is equivalent to the result of the ion sphere model (ISM), where each particle is placed in the center of the charge neutral Wigner-Seitz spherical cell and the energy is then calculated from simple electrostatic consideration [19] . With this choice, the static component of the internal energy of the single component Yukawa fluids becomes [19] [20] [21] 
where M f has been termed the fluid Madelung constant [21] . As Rosenfeld and Tarazona [20, 21] first pointed out, the thermal component of the internal energy exhibits quasi-universal behavior for a wide class of soft repulsive potentials, including the Yukawa case. This is illustrated in Fig. 1 , where the dependence of u th on Γ/Γ m is plotted for a number of screening parameters κ < 5. Here Γ m is the value of the coupling parameter at the solidfluid phase transition (melting). To produce this plot, the numerical data on u ex (κ, Γ) and Γ m (κ) tabulated in Refs. [9, 22] have been used (the contribution of the neutralizing medium has been subtracted). It is seen that numerical data have a tendency to group around a single quasi-universal curve. Reasonably accurate fits (shown by the curves) can be obtained by using the following functional form
The original suggestion of Rosenfeld to use δ = 3.0 and ǫ = 0 [21] is shown by the dashed curve. Some improvement can be observed when choosing δ = 3.2 and ǫ = −0.1, as documented in Figure 1 . These values are therefore adopted throughout this paper. Note that although the functional form (4) with the exponent 2 5 provides reasonable accuracy for Yukawa fluids in a wide range of κ, it can be not the best choice for each single value of κ. For instance, in the case of one-componentplasma (limiting case κ = 0 of Yukawa systems), the exponent 1 3 is known to deliver better accuracy [22] [23] [24] [25] . Equations (2)- (4) with the proper expression for Γ m (κ) (see below) provide a simple and accurate tool to estimate the excess energy of Yukawa fluids. The excess free energy can then be obtained by the standard integration
Note that in case of the non-zero value of the parameter b, this integral is diverging logarithmically. A simple conventional procedure to avoid this divergence is to start integration from Γ = 1 in (5) and add the corresponding value f ex (κ, 1) [9] . The contribution from the weakly coupled region f ex (κ, 1) is in fact of minor importance for Γ ≫ 1. The values of f ex (κ, 1) have been tabulated in Refs. [9, 22] , interpolation is straightforward. This is not done here, because the main interest is the excess pressure and its derivative at strong coupling, where the contribution from the weak coupling region is negligible. Using the dimensionless quantities κ and Γ instead of particle density and temperature, the excess pressure can be obtained from [14, 18] p ex (κ, Γ) = Γ 3
After the straightforward manipulation we can rewrite this as
where
is the excess pressure associated with the static component of the internal energy and the two last terms in (7) come from the thermal component of the internal energy. The static contribution can be easily evaluated and yields a compact expression [19] 
To evaluate the thermal contribution, the functional dependence Γ m (κ) should be specified. Several approximate methods to locate the fluid-solid phase transition, based on the properties of the interaction potential alone, have been discussed in the literature [26] [27] [28] [29] . Some of them are applicable to a wide range of interactions, including the Yukawa case, and can be used for this purpose. Being focused on Yukawa interaction here, we adopt a simple expression proposed by Vaulina et al. [30, 31] 
where the constant α = (4π/3) 1/3 ≃ 1.612 is the ratio of the mean interparticle distance ∆ = n −1/3 p to the Wigner-Seitz radius a. Equation (9) is in rather good agreement with the numerical data in the regime κ < ∼ 5 addressed in this study. Equations (4), (7), (8) , and (9) allow to evaluate the excess pressure and hence the compressibility factor,
of Yukawa fluids for any given pair κ and Γ. This constitutes the main result of this paper. In the Appendix A the explicit expressions for the compressibility factor and isothermal compressibility modulus are provided, which are convenient for practical calculations.
IV. COMPARISON WITH PREVIOUS STUDIES
To demonstrate the accuracy of the present approach, the compressibility factor of a single component Yukawa fluid has been evaluated in a wide range of coupling strength and compared with the results available in the literature. This comparison is shown in Table I . The first three columns contain the location of the system state point in terms of κ, Γ, and Γ/Γ m , respectively. The fourth column lists the results from the MC simulations performed by Meijer and Frenkel (MF) [8] and tabulated in Ref. [11] , which serve as a reference data here. The fifth column contains the results obtained using the modified Rogers-Young (RY) integral equation [11] . This method requires less numerical efforts compared to the original RY implementation, but the thermodynamic consistency is achieved only on a discrete grid of points and for chosen fitting functions [11] . It is therefore referred to as the discretized RY method (DRY). The sixth column summarizes the results obtained using the present approach, Eq. (A1). The last column provides the static contribution to the compressibility factor, Z st (κ, Γ) = 1 + p st (κ, Γ). The simple approximation discussed in the present paper is in excellent agreement with the precise results from MC simulations by Meijer and Frenkel. The deviations from their numerical data do not exceed few parts in one thousand in all cases considered and are significantly smaller than that at strong coupling, near the fluid-solid phase transition. Present approach demonstrates better accuracy than the DRY integral equation method. The static component of the compressibility provides reasonable estimate of the actual compressibility near freezing (∼ 3% underestimation), but becomes progressively less accurate when coupling decreases.
Since the numerical data tabulated in Ref. [11] are limited to a relatively narrow range of the screening parameter κ, we have performed additional comparison with the MC simulations of Yukawa systems on a hypersphere, performed by Caillol and Gilles (CG) [10] . The highest value of the coupling parameter Γ = 100 investigated in Ref. [10] has been chosen for detailed comparison. The values of the compressibility factor obtained in MC simulation and those calculated with the help of the expression (4) are listed in Table II for a number of κ-values (0.1 ≤ κ ≤ 5.0). To keep the original notation of Ref. [10] we have added the contribution of the neutralizing medium to the compressibility factor (see Appendix B), that is why the compressibility is negative. The agreement is again excellent at sufficiently strong coupling. The relative deviations do not exceed a tiny fraction of a percent as long as κ < ∼ 3.0, where Γ/Γ m has dropped well below 0.1. For higher κ, deviations increase and reach several percent. This apparently indicates that the contribution from the weak coupling region has to be properly accounted for in this regime. Overall, the present approach demonstrates excellent performance at least in the regime κ < ∼ 5 and Γ/Γ m > ∼ 0.1 and therefore can find application in many practical situations relevant to colloidal systems and complex plasmas.
V. CONCLUSION
Simple approach to estimate the internal energy, pressure, and compressibility modulus of three-dimensional Yukawa fluids across coupling regimes has been put forward. Explicit analytical expressions for these quantities have been derived (see Appendix A), which demonstrate excellent agreement with precise results from MC simulations at strong coupling. These expressions are directly applicable to single component Yukawa systems, modifications to describe charged particles in the neutralizing medium are trivial (see Appendix B). The obtained results can be particularly useful in connection with studying wave phenomena in strongly coupled complex (dusty) plasmas, since simple and accurate equation of state is often required for such studies. For this reason, the main focus here has been on pressure-related quantities, although other thermodynamic functions can apparently be also estimated using the proposed approach. The approach is also likely to be relevant for other simple fluids with soft repulsive interactions, when the static component of the internal energy dominates over the thermal one. This and related issues are left for future work.
where f µ (x) = 2x 6 + 14x 5 + 35x 4 + 76x 3 + 136x 2 + 136x + 68 (x 2 + 2x + 2) 2 .
The dependence Γ m (κ) is given by Eq. (9) . Regarding the coefficients δ and ǫ, we suggest to use δ = 3.2 and ǫ = −0.1.
Appendix B: Effect of the neutralizing medium
The contributions from particle-particle correlations and particle-background interactions are additive. In particular, the excess energy associated with the presence of neutralizing medium is [32] 
The first term represents the excess (free) energy of the medium that, on average, neutralizes the charge of the particles while the second term gives the (free) energy of the sheath around each particle. Note that this latter term does not contribute to the excess pressure, as can be clearly seen from Eq. (6). It, therefore, has no effect on the compressibility modulus, too. To account for the effect of the neutralizing medium, one simply needs to add the term −3Γ/2κ 2 to the compressibility factor, Eq. (A1), and the term −3Γ/κ 2 to the isothermal compressibility modulus, Eq. (A3). Note that the contribution of the neutralizing medium is negative and dominant at strong coupling, implying that the excess energy, pressure, and compressibility are also negative in this regime.
